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Abstract 



Using an integrable discrete Dirac operator, we construct a discrete version of the Weierstrass 
representation of time-like surfaces parametrized along isotropic directions in M 2,1 , IR 3 ' 1 and R 2 ' 2 . 
The corresponding discrete surfaces have isotropic edges. We show that any discrete surface sat- 
isfying a general monotonicity condition and having isotropic edges admits such a representation. 



o 

1 Introduction 



~ 'The classical Weierstrass representation [1], [5], [2] associates to every solution of the Dirac equation 

> i d z ip = wp, d z tp = -wp, u = u (1.1) 
oo . 

\Q a conformally embedded surface in Mr, and any conformally embedded surface locally admits such a 
O description. The mean curvature of a surface embedded under the Weierstrass representation admits 
^ a particularly simple description in terms of the Dirac operator (11.11) . which makes the Weierstrass 
representation a powerful tool for studying surfaces of constant mean curvature and minimal surfaces. 
O In addition, the Weierstrass representation has received significant attention in recent years as a 

> possible approach to the Willmore conjecture (see the recent survey [6]). 

Many different versions of the Weierstrass representation have been found. In particular, various 

H reductions of the generalized Dirac operator 
C3 ' 

_ _ i 

d^ip = uijj, d^ifj = v(p, (1.2) 

where £ and t] are complex variables and u and v are complex-valued functions, can be used to construct 
surfaces in three- and four-dimensional Euclidean and pseudo-Euclidean spaces (see [7], [8], [9]). There 
are essentially two different reductions. The reduction r\ = £ describes conformally embedded space- 
like surfaces in IR 4 , M 3 ' 1 and M 2,2 , while the reduction 77 = fj, £ — £ describes describes time-like surfaces 
in M 2 ' 1 , IR 3,1 and IR 2,2 with isotropic coordinate lines. 

In PP, the author considered the following discrete operator as an integrable discretization of the 
generalized Dirac operator (11.21) : 

r 2 (f = aap + (3ip, Tiip = 7y? + 5ip. (1.3) 
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Here the functions <p and ip depend on two discrete variables and T\ and T2 denote the translation 
operators in these variables. It is natural to ask whether this discretization can be used to construct 
a discrete analogue of the Weierstrass representation. 

In this paper, we construct a discretization of the Weierstrass representation of time-like surfaces 
with isotropic coordinate lines. We show that solutions of a certain discrete Dirac operator can be used 
to construct lattices in R 2 ' 1 , M 3,1 and M 2 ' 2 with the geometric property that every edge of the lattice is 
an isotropic vector. We also show that any such lattice satisfying a generic condition of monotonicity 
can be described in this way. 

As mentioned above, the Weierstrass representation of conformal surfaces in Euclidean and pseudo- 
Euclidean spaces involves a different Dirac operator, involving d and d instead of two real variables. 
The direct approach taken in this paper does not work in this case. For a general reference on discrete 
differential geometry and integrable lattices, see [ID] . 

The plan of the paper is as follows. In Section 2, we recall the Weierstrass representation of time- 
like surfaces in M 2 ' 1 , M 3 ' 1 and M 2 ' 2 , following |7J. In Section 3, we show that for each of the three 
cases, an appropriate discrete analogue of the Dirac operator can be used to construct, using the same 
formulas as in the differential case, discrete surfaces in 1R 2,1 , M 3 ' 1 and M 2 ' 2 with isotropic edges, and 
we show that any such surface can be described in this way. In Section 4, we show that by letting the 
mesh size tend to zero we obtain the continuous construction. 



2 The Weierstrass representation of time-like isotropic sur- 
faces 

In this section, we recall the Weierstrass representation of time-like surfaces in 1R 2,1 , M 3,1 and M 2 ' 2 . 

Let M. n ' m denote pseudo- Euclidean space of dimension n + m with a metric (•, •) of signature (n, m), 
and let S be a surface. We say that an embedding of S in M n,m is time-like if the induced metric on 
S has signature (1,1). In the case when (n, m) = (2,1), (3,1) or (2,2), any such embedding can be 
locally described using solutions of various reductions of the following Dirac equation: 

d y ip = pil), d x tp = qtp, (2.1) 

where x and y are real variables. We describe these three cases individually. 

2.1 The M 2,1 -case 

Suppose that the complex- valued functions ip, ip are defined on some simply-connected domain [/cl 2 
and satisfy the equations 

d y (p=p4>, d x ip=p(p, p = p. (2.2) 
Let P be a point in U. Then the formulas 

Xl{Q) = \\l ^ + ^ )dX + ^ + ^ )dy \ ' (2 ' 3) 

X2{Q) = \\l " ^ )dX + ^ ~ ' (2 ' 4) 

rQ 

X'\Q) = J [ipydx + if>if>dy] , (2.5) 
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define an embedding X : U — > R 2 ' 1 , such that the induced metric on U has signature (+, — ) and 
moreover the directions x = const, y = const are isotropic, i.e. 

— — \-0 /— — \-0 (2 6) 

dx ' dx / \ dy ' 9y / 

Conversely, any time-like surface embedded in R 2 ' 1 locally admits such a representation. 

2.2 The R^-case 

Suppose that the complex-valued functions (p^ ipi, i — 1,2 are defined on some simply-connected 
domain £7 C R 2 and satisfy the equations 

dyifi = pipi, d x tpi = pifi. (2.7) 

Let P be a point in U. Then the formulas 

1 fQ _ 

X\Q) = -J [(p^ + tp^dx + i^ + ^^dy], (2.8) 

X 2 (Q) = -J [(^-TO)di + (^-^)dy], (2.9) 

X3 ^ = 2 ~ W$2)(te + (Mi - ihih)dy] , (2.10) 
1 f« 

X 4 (Q) = - y [(y?iy?i + ^2)^ + (V^i + ^2)%] , (2.11) 

define an embedding X : £7 — > R 3 ' 1 , such that the induced metric on £7 has signature (+, — ) and 

moreover the directions x = const, y = const are isotropic. Conversely, any time-like surface embedded 
in R 3 ' 1 locally admits such a representation. 

2.3 The R 2 2 -case 

Suppose that the functions (p^, ipi, i — 1,2 are defined on some simply-connected domain U C R 2 and 
satisfy the equations 

d y <pi=pip 1 , d x vp 1 =qp 1 , d y ip 2 = qip2, d x ip 2 =P¥>2, P = P, q = q- (2.12) 
Let P be a point in U. Then the formulas 

1 fQ 

X\Q) = -J [(tp^z + tpi^dx + i^ + ^^dy], (2.13) 

/Q 

[{^2 - C^ 2 )cfe + (^1^2 - ^2)*/] , (2.14) 

I rQ 

X 3 (Q) = -J [(ip^ 2 + tpnp*)dx + (^2 + faihdy] , (2.15) 



% r Q 

X 4 (Q) = 2 J [(^i^a - <Pi<fi2)dx + (^1^2 - ipiifady] , (2.16) 

define an embedding X : U — » M 2 ' 2 , such that the induced metric on £/ has signature (+, — ) and 
moreover the directions x = const, y = const are isotropic. Conversely, any time-like surface embedded 
in IR 2 ' 2 locally admits such a representation. 

3 Discrete isotropic surfaces 

As we saw in the previous section, solutions of certain reductions of the Dirac equation (12.11) can 
be used to construct time-like embeddings of M 2 into M 2 ' 1 , M 3 ' 1 and IR 2,2 , with the property that all 
coordinate lines are isotropic. In the paper p], the author considered a discretization of the spectral 
data associated to the generalized Dirac operator (11.21) and derived the following discrete system, which 
can be considered as a generalized discrete Dirac operator: 

T 2 (f = at(p + (3ip, nip = 7^ + ^-0. (3.1) 

Here tp and ip are functions of two discrete variables (n, to) G Z 2 and t\ and r 2 are the translation 
operators in these variables. By considering symmetries on the spectral data similar to the ones which 
reduce the generalized operator (11.21) to the standard one (jl.ip . the author obtained the following 
reduction of (13. lft : 

r 2 v? = ctip + /3if), T\ij) = (3ip + aif), a 2 — /3 2 = 1. (3.2) 

In this section we show how that certain reductions of the generalized discrete Dirac operator (13.11) 
similar to the one above can be used to construct, using the same formulas as in the differential case, 
discrete surfaces in M 2 ' 1 , M 3 ' 1 and M 2 ' 2 with isotropic edges. 

A discrete surface in M n,m is a map X : Z 2 — > IR n,m . The edges of a discrete surface X are the 
vectors 

F(n, m) = X(n + 1, m) — X(n, m), G(n, m) = X(n, m + 1) — X(n, m). (3-3) 

Conversely, a pair of functions F : Z 2 — > M n,m and G : Z 2 — > M. n,m defines a discrete surface (up to 
translation) if and only if it satisfies the following consistency condition: 

F(n, m + 1) — F(n, m) = G{n + 1, m) — G(n, m). (3-4) 
We use the following notation for surfaces defined in terms of their edges: 

X = J2 (^ A i + • (3-5) 

A discrete surface is called non- degenerate if its edges are linearly independent at every lattice point. 
A discrete surface in M n,m is called isotropic if all of its edges are light-like vectors: 

(F(n,m),F(n,m)) = 0, (G(n, to), G(n, m)) = 0. (3.6) 

The main result of this paper is that isotropic discrete surfaces in M 2 ' 1 , R 3 ' 1 and IR 2,2 satisfying a 
certain monotonicity condition are described by solutions of a discrete Dirac equation. 
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3.1 The R 2,1 -case 

Proposition 1 Suppose that the functions (p, ip satisfy the following discrete Dirac equation: 

r 2 p = ap + Pip , T\ip — /3(p + aip, a — a, P — P, a 2 — (3 2 = \. (3.7) 
Then the formulas 

X ^ = \H W + ^ + + ^ > ( 3 - 8 ) 

X 2 = \ E - ^ + W - ^1 > ( 3 - 9 ) 

X 3 = J] [w A i + #A 2 ] , (3.10) 

define an isotropic discrete surface X : Z 2 — > M 2 ' 1 . Conversely, if X : Z 2 — > M 2,1 a non- degenerate 
isotropic discrete surface that satisfies the following condition 

X$(n + 1, m) — -^3(71, m) > 0, X^(n, m + 1) — X^n, m) > /or a// (n, m) GZ 2 , (3.11) 

£/ien there exist functions ip and ip satisfying equation (3.1) such that equations ll3.8\ )- l[3~Tty) hold. 

Proof. Given functions p, ip satisfying (13. 7p . a direct calculation shows that the edges given by 
equations (I3.8I) - (I3.10I) are isotropic (13.61) and satisfy the consistency condition (13 .4p . hence define an 
isotropic discrete surface in R 2 ' 1 . 

Conversely, suppose that X : Z 2 — > M 2,1 is an isotropic discrete surface satisfying the monotonic 
condition (13. lip . The edges of the lattice satisfy the equations 

F 2 + Fi = F 2 , G\ + G\ = Gl F 3 >0, G 3 > 0, (3.12) 

therefore, there exist functions p and ip, defined up to multiplication by ±1, such that the edges are 
given by the formulas (I3.8I) - (I3.10I) . The consistency condition (13.41) implies that these functions satisfy 
the following equations 

(r 2 p) 2 ~p 2 = (r^) 2 - ip 2 , (3.13) 

(t 2 p)(t 2 p) - pp= (T 1 ip)(T 1 ip) - ipip~, (3.14) 

and the non- degeneracy condition implies that 

pijj-piJj^O. (3.15) 

The above equation implies that there exist unique real-valued functions a, (3, 7 and 5 such that 
the following system of equations is satisfied: 

T 2 p = ap + (3ip, T\ip = jp + Sip. (3.16) 

Solving this system, we get 

$(t 2 <p) - ip{r 2 p) f{r 2 p) - p{r 2 p) 

a = 7 —, , P= 7 —, , (3-17) 

pip — pip pip — pip 

^ = jjjnip) - ipjnij)) ^ = pimp) - p(mp) 
pip — pip pip — pip 

and a direct calculation using (13. 13[) -( T3. 14j) shows that 

a 2 - 7 2 = l, S 2 -{3 2 = 1, ap3 = j5. (3.19) 

Solving this system we get that 5 = Xa and 7 = X/3, where A = ±1. Changing the signs of ip at every 
point if necessary, we can set A = 1, so that the functions p and ip satisfy the system (13. 7p . This 
proves the proposition. 
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3.2 The E 3 ' 1 -case 

Proposition 2 Suppose that the functions <fi, ipi, i — 1,2 satisfy the following discrete Dirac equation: 

r 2 (pi = aipi + (3ip h Txipi = flipi + atpi, \a\ 2 - \(3\ 2 = 1. (3.20) 

Then the formulas 







(3.21) 


x 2 


= ^ [(^i^2 - ^1^2) Ai + (-01^2 - ^1^2) A 2 ] , 


(3.22) 


x 3 


= 2 [(Vi^i _ ^2^2) Ai + Oi^i - ^2^2) A 2 ] , 


(3.23) 


x 4 


= S + V 3 2^2)A i + (01^! + ^ 2 ^ 2 )A 2 ] , 


(3.24) 



define an isotropic discrete surface X : Z 2 — ► R 3 ' 1 . Conversely, if X : Z 2 — ► R 3 ' 1 zs a non- degenerate 
isotropic discrete surface that satisfies the following condition 

X±(n + 1, m) — X^n, m) > 0, X^(n, m + 1) — X^n, m) > /or a// (n, m) G Z 2 , (3.25) 

then there exist functions ipi, ipi, i = 1,2 satisfying equation ^3.2(A) such that equations \3.21\) -{ 3.2J^ ) 
hold. 

Proof. Given functions ipi, ipi, i = 1,2 satisfying (I3.20p . a direct calculation shows that the edges 
given by equations (I3.21I) - (I3.24I) are isotropic (13.61) and satisfy the consistency condition (13 .4p . hence 
define an isotropic discrete surface in R 3,1 . 

Conversely, suppose that X : Z 2 — > R 3 ' 1 is an isotropic discrete surface satisfying the monotonic 
condition (13. 25H . The edges of the lattice satisfy the equations 

Fl + F| + F 2 = F 2 , G\ + G\ + G\ = Gl F 4 > 0, G 4 > 0, (3.26) 

therefore, there exist functions (fi and ipi, where i — 1, 2, such that the edges are given by the formulas 
(I3.2ip -( l3~24l) . These functions are defined up to the following local gauge equivalence: 

V?i^e iC ^i, ¥>2->e < fy 2 , ^i->e^, ^2 -> e^2, (3.27) 

where C and £ are real-valued functions. The consistency condition (13.41) implies that these functions 
satisfy the following equations 

(t 2 c/?i)(t 2 ^i) - (pifii = (ri^O^i^x) - ipxipx, (3.28) 

(r 2 (^i)(r 2 ^ 2 ) - ipiLp2 = (riV'i)^^) - ^1^2, (3.29) 
(t 2 v? 2 )(t 2 ^ 2 ) - ^ 2 <£ 2 = (ti^2)(ti$2) - ^ 2 ^ 2 , (3.30) 
and the non- degeneracy condition implies that 

Viip2 ~ ^1 7^ 0. (3.31) 
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The above equation implies that there exist unique complex-valued functions a, (3, 7 and 6 such 
that the following system of equations is satisfied: 

r 2 Lpi = atpi + (34>i, T X ^i = -ytpi + 54>i, i = l,2. (3.32) 

We can explicitly solve these to obtain 

a= , (3 = , (3.33) 

7 = ; ; , = . (3.34) 

and a direct calculation using fl3.28p - fl3.30j) shows that 

aa-77=l, 66 - 0j3 = 1, a(3-~?6 = 0. (3.35) 

Solving this system we get that 6 = \a and 7 = A/3, where A A = 1. A gauge transformation (13.271) 
acts on A as follows: 

A -> e i(c+ ^ T2C - T1?) A. (3.36) 

hence we can set A = 1. Therefore, the functions tpi and ipi satisfy the system (I3.20p . This proves the 
proposition. 

We note that the M^-case can be obtained as a reduction by setting ip 2 = (p\, i)j 2 = rfi- 
3.3 The R 2 2 -case 

Proposition 3 Suppose that the functions ifi, ipi, i — 1,2 satisfy the following discrete Dirac equation: 

T 2 (f 1 = C«pi + filpl, T 2 if 2 = 5if 2 + 7^2 

ri^i = Wi + 6^1, ri^ 2 = (3^2 + anfe, (3.37) 
a — a, (3 = j3, 7 = 7, 6 = 6, a6 — f3y = 1. 

Then the formulas 

Xi = - [(<Pi<P2 + <Pm)&i + kfak + ^i^2)A 2 ] , (3.38) 
X 2 = I ^2 [(^1^2 - ^1^2) Ai + (ipiip2 - ^1^2) A 2 ] , (3.39) 
Xs = 2 S K^ 2 + ^i^)Ax + (^1^2 + V>i^2)A 2 ] , (3.40) 
Xi = % -z [(^1^2 - W2) Ai + (^1^2 - ^1^2) A 2 ] , (3.41) 

define an isotropic discrete surface X : Z 2 —>■ M 2,2 . Conversely, if X : Z 2 — > M 2 ' 2 is a non- degenerate 
isotropic discrete surface, then there exist functions ifi, fy, i = 1,2 satisfying equation ( S.STty such that 
equations ^M)-^4^ hold. 
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Proof. Given functions ipi, ipi, i = 1,2 satisfying (I3.37p . a direct calculation shows that the edges 
given by equations (I3.38I) - (I3.41I) are isotropic (13.61) and satisfy the consistency condition (13. 4p . hence 
define an isotropic discrete surface in IR 2,2 . 

Conversely, suppose that X : Z 2 — ► IR 2,2 is a non-degenerate isotropic discrete surface. The edges 
of the lattice satisfy the equations 

Ff + Fl = F 2 + Fl G\ + G 2 2 = Gl + G 2 , (3.42) 

therefore, there exist functions (fi and ipi, where i — 1, 2, such that the edges are given by the formulas 
(I3.38p - (l3.4ip . These functions are defined up to the following local gauge equivalence: 

<Pl -> IMpi, V?2 -> fM" 1 ^, fa -> V*Pl, ^2 -> ^~ 1 V , 2, (3-43) 

where // and z/ are real-valued functions. The consistency condition (13.41) implies that these functions 
satisfy the following equations 

(T 2 ipi)(T 2 tp 2 ) - ¥1^2 = (tM(Ti4> 2 ) ~ ^lV>2, (3.44) 

(r 2 ^i)(r 2 ^ 2 ) - ip x (p 2 = (ri-0i)(ri^ 2 ) - ^iV>2, (3.45) 
and the non- degeneracy condition implies that 

(fii)! - Cpxipi 7^ 0, (p 2 tp 2 - <p 2 tp 2 ^ 0. (3.46) 

The above equations imply that there exist unique real- valued functions a,, 7, and <5j, where 
z = 1, 2, such that the following system of equations is satisfied: 

T2^i = otiLfi + piipi, tiipi = jiifi + ditpi, i = 1,2. (3.47) 

We can explicitly solve these to obtain 

Ji — = Z ; Oi — = Z ) (3.49) 

and a direct calculation using (I3.44H - ( T3T45T) shows that 

«i«2 - 7i72 = 1, 5i5 2 - 0102 = 1, ceifo - 7i^2 = 0, a 2 0i - 72^1 = 0. (3.50) 

Solving this system we get that a 2 = X5±, 2 = A71, 72 = X0i and 5 2 = \a\. A gauge transformation 
(I3.43P acts on A as follows: 

\^(T2fi)(T 1 u)ir 1 V- 1 \. (3.51) 

hence we can set A = 1. Therefore, the functions ifi and ipi satisfy the system (I3.37p . This proves the 
proposition. 
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4 The continuous limit 

In this section we show that in the continuous limit, the reductions (13.71) . ( I3.20p . (13.371) of the Dirac 
operator ( 13.1 ft converge to their continuous counterparts. 

First, consider the operator (13.71) . Let h denote the size of the mesh, so that 

ip(x, y + h) = a(x, y)tp(x, y) + f3(x, y)ip(x, y), ip(x + h,y) = (3{x, y)tp(x, y) + a(x, y)ip(x, y), (4.1) 

where a and (3 are real and a 2 — (3 2 = 1. Setting (3 = hp, we get that a = 1 + 0{h 2 ), and expanding 
the above equation up to 0{h 2 ) gives us 

ip + hd y ip = ip + hpi[j + 0(h 2 ), ip + hd x ifj = hpip + ifj + 0(h 2 ) } (4.2) 

so in the limit /t->0we get equation (12.21) . 

Similarly, for the operator (I3.20p introducing mesh size h we get 

ip(x, y + h) = a(x, y)tp(x, y) + f3(x, y)ip(x, y), ip(x + h,y) = f3(x, y)(p(x, y) + a(x, y)ip(x, y), (4.3) 

where \a\ 2 — \(3\ 2 = 1. Again, setting (3 = hp gives is a = 1 + 0(h 2 ), and expanding the above equation 
up to 0{h 2 ) gives us 

V? + hdyip = p + hpip + 0(h 2 ), 4) + hd x il) = hptp + i/j + 0(h 2 ), (4.4) 

so in the limit h — > we get equation (12.71) . 

For the operator ( I3.37p . we introduce a mesh size h to get 

<Pi(x,y+h) = a(x,y)tpi(x,y)+P(x,y)4>i(x,y), ip!(x + h,y) = -f(x,y)ip 1 (x,y) + 5(x,y)ip 1 (x,y), (4.5) 

(p 2 (x,y + h) = 6(x,y)(pi(x,y)+j(x,y)il>i(x,y), ip 2 (x + h,y) = f3(x,y)ip 1 (x 1 y) + a(x,y)tjj 1 (x,y). (4.6) 

We now use the remaining gauge symmetry (I3.43I) to set a = 5. Therefore, if we have a mesh size of 
h, then setting (3 = hp, 7 = hq, we see that a = 5 = 1 + 0{h 2 ), so expanding the above equation up 
to 0{h 2 ) gives us 

<pt + hd y ip 1 =<p 1 + hp^t + 0{h 2 ), ^1 + hd t ifa = hqy x + ^1 + 0{h 2 ), (4.7) 

<pt + hdyipx = ^ + hqi\) x + 0(h 2 ), ip! + hd x i\) x = h P i Pl + ^1 + 0{h 2 ), (4.8) 
so in the limit h — > we get equation ( 12. 121) . 
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